Accurate results for nonrelativistic energy, relativistic, QED, and finite nuclear mass corrections are obtained for 2 1 S 1/2 , 3 1 S 1/2 and 2 1 P 1/2 states of the Li atom and Be + ion. Our computational approach uses the Hylleraas basis set with the analytic integration and recursion relations. From comparison of experimental results for the isotope shifts to theoretical predictions including nuclear polarizabilities, we obtain nuclear charge radii for Li and Be isotopes. 
I. INTRODUCTION
The accurate evaluation of energy levels in atoms and ions requires inclusion of both the electron correlations and quantum electrodynamic (QED) effects. At present, in spite of significant theoretical effort [1] there is no universal computational method which treats accurately correlations and QED effects all together. For heavy few electron systems, electron interactions can be treated perturbatively within systematic QED approach [2] . For light systems involving few electrons, the most fundamental approach is based on the expansion of energy levels in the fine structure constant α, and also in the electron-nucleus mass ratio. At the same time, electron correlations are treated accurately by the use of explicitly correlated basis sets. This method has been advanced significantly in the last years by the calculation of m α 6 corrections to helium energy levels [3] , m α 7 to helium fine structure [4, 5] , and m α 5 corrections in three-and four-electron systems [6, 7, 8] . The achieved numerical precision is sufficient to determine nuclear properties from isotope shift measurements of transition energies. For example, the most accurate determination of the deuteron charge radius comes from the measurement of the 1S-2S transition in hydrogen and deuterium [9] . Recently a series of measurements of isotope shifts in helium [10, 11] and lithium isotopes [12, 13] together with the intensive calculations of theoretical energy levels [7, 14, 15, 16] brought the accurate values of charge radii of short-lived nuclei with respect to the stable isotope. However, at present, theoretical methods are not capable of predicting energy levels with such an accuracy, which would make available the absolute determination of nuclear charge radii, except for the hydrogenic systems, where accuracy is limited only by small m α 2 (Z α) 6 higher order two-loop corrections [17] .
The most important in the accurate calculation of (light) atomic energy levels is the precise representation of the nonrelativistic wave function. The frequently used explicitly correlated Gaussian (ECG) functions give very accurate nonrelativistic energies, but the wave function does not satisfy the cusp condition, and for this reason this representation cannot be used for the calculation of m α 6 and higher order corrections. Also, the estimation of numerical uncertainties within the ECG method is quite problematic. More difficult to use is the Hylleraas basis set [18, 19, 20] , but its achieved accuracy exceeds significantly results with ECG for three electron systems. In order to solve accurately Schrödinger equation we use the Hylleraas basis set with the number of functions of about 10 000 for S-states and 14 000 for P-states. The calculations of matrix elements of nonrelativistic Hamiltonian, as well as relativistic and QED operators are performed analytically using newly developed recursion relations for the Hylleraas integrals [20, 21, 22, 23] .
In this work we present the most accurate calculations of nonrelativistic, leading relativistic and QED contributions including finite nuclear mass corrections and nuclear polarizability, to energy levels of 2 1 S 1/2 , 3 1 S 1/2 , and 2 1 P 1/2 states of Li and Be + . As a main result, we obtain ionization energies of Li and Be + , transition energies 2 1 S 1/2 − 3 1 S 1/2 and 2 1 S 1/2 − 2 1 P 1/2 , and corresponding isotope shifts. In comparison to the former work of Yan et al. [7] our results are in agreement for transition frequencies, but in slight disagreement for the isotope shifts in Be + .
For the Li isotope shift both Ref. [7] and this work are in agreement with [16] . In all cases our numerical precision is about an order of magnitude higher, with the total uncertainty dominated by higher order terms. The comparison to experimental values [24, 25, 26, 27] , apart from agreement with experimental transition energies in both Li and Be + , reveals small discrepancy for the Be + ionization energy with the NIST data [27] . Together with these benchmarking results, from our theoretical predictions and measured isotope shifts [12, 13, 28] , we obtain improved nuclear charge radii for various isotopes including halo nuclei 11 Li and 11 Be.
II. RELATIVISTIC AND QED CORRECTIONS WITH THE NUCLEAR CHARGE RADIUS
The energy level E(α, η) as a function of α and η = −µ/m N = −m/(m + m N ) is expanded in power series in its arguments
and each coefficient is calculated separately from the expectation value of the corresponding Hamiltonian or the operator. The leading terms E (2, 0) , E (2,1) , and E (2,2) result from nonrelativistic
Hamiltonian for three electrons and the nucleus with Coulomb interactions between them,
In order to calculate relativistic and nuclear recoil corrections for atomic systems with the finite size nucleus, one should at first properly define the nuclear charge radius. Therefore, let us consider the interaction of the particle having spin s and the charge e with the electric field. The leading interaction related to the finite size is
where r 2 ch is the averaged square of the charge radius, Q E is related to the electric quadrupole moment Q by Q E = 3/(s N (2 s N − 1)) Q, and
For the point spin s = 1/2 particle r 2 ch does not vanish and is equal to 3/(4 m 2 ), it is the so-called
Darwin term and it depends on the value of the spin s [29] . This term is the source of ambiguity in the definition of nuclear charge radii [30] . If we want the point particle to have the vanishing charge radius, the Darwin term should be excluded from r 2 ch . However, the value of the Darwin term for the arbitrary spin point particle with the arbitrary magnetic moment is unknown. Therefore, we propose the universal definition of r 
In practice small relativistic terms involving nuclear mass are treated perturbatively and in this work we neglect all relativistic O(m/M) 2 corrections. These terms become much more important in muonic atoms and cannot be neglected there.
Let us now consider leading QED corrections of order m α 5 , which also include the inelastic contribution E pol due to the nuclear polarizability. Since we do not consider the hyperfine structure, the spin of atomic nucleus can be neglected, and the QED correction takes the form [32, 33] 
where
The electron-electron terms have been simplified in the above, since δ 3 (r ab ) does not vanish only for singlet states, therefore s a · s b δ 3 (r ab ) = −3/4 δ 3 (r ab ). We included in H aN the leading logarithmic contribution that comes from the nuclear self-energy, but neglected all nonlogarithmic (m/M) 2 terms which are proportional to δ 3 (r a ). They are not known for a general nucleus since they depend on the nuclear spin and charge distribution within the nucleus. For the calculation of the isotope shift in Li and Be + we again neglect all O(m/M) 2 terms. These terms are important for muonic atoms, but their calculation requires proper definition of the nuclear charge radius including QED effects, and its relation to the charge radius obtained from a different type of measurements such as the elastic electron scattering off nuclei.
The last term in Eq. (10), E pol is the nuclear polarizability correction. It is significant for halo nuclei such as 11 Li [16] , or whenever the isotope shift transition in the optical range reaches sub MHz precision, for example in the 1S-2S transition in deuterium [9] . The nuclear polarizability correction is expected to be significant also for 11 Be, as this nucleus has the largest known B(E1) line strength among all nuclei. For this reason, we calculate it using experimental [34] and theoretical [35] data for the electric dipole excitation of the 11 Be nucleus.
Considering m α 6 corrections, they are well known for the hydrogen. Results for few-electron atoms are expressed in terms of the effective Hamiltonian [36] . Corresponding calculations have been performed only for low-lying states of helium [3] . Calculations for three-electron systems are at present too difficult and therefore we use an approximate formula on the basis of hydrogenic values,
It includes dominating electron-nucleus one-loop radiative, radiative recoil and pure recoil corrections [37] . We neglect electron-electron radiative corrections and the purely relativistic corrections, as we expect them to be relatively small, of order 10%. The relativistic m α 6 corrections are also very difficult to calculate. Its neglect is the leading source of uncertainty in the theoretical predictions for transition frequencies. Similarly, the nuclear recoil correction m 2 /M α 6 , which is still significant for the isotope shift, is also estimated on the basis of the known hydrogenic value in the above formula. This introduced some uncertainty in the determination of the isotope shift, from which nuclear charge radii are obtained.
Due to numerical importance, one calculates approximately m α 7 contribution which is known exactly only for hydrogenic systems [37] .
It includes one-, two-, and three-loop corrections, and values of A, B, and C coefficients may be found in [37] . Following Ref. [32] these hydrogenic values of order m α 7 are extrapolated to lithium, according to
for X = S, and for states with higher angular momenta E (7) (nX, Z) is neglected. We expect this approximate formula to be accurate to 25%. This completes QED corrections to transition frequencies and the isotope shifts in light atomic systems.
III. COMPUTATIONAL METHOD AND NUMERICAL RESULTS
In the construction of the wave function we closely follow the works of Yan and Drake in [19] .
The global wave function Ψ for both S and P states is expressed as a linear combination of ψ, the antisymmetrized product A of the spatial function φ and the spin function χ,
φ( r 1 , r 2 , r 3 ) = e −w 1 r 1 −w 2 r 2 −w 3 r 3 r 
with n i being non-negative integers, w i ∈ R + , and the subscript a = 1, 2, 3. The matrix element of the nonrelativistic Hamiltonian H 0 in Eq. (2) or of any spin independent operator can be expressed after eliminating spin variables as
While for S-states Hamiltonian matrix elements can be written in one form, for P-states with the help of an additional r 1 , r 2 , r 3 permutation they can take two different forms:
i . Next, all these spatial matrix elements are expressed as linear combination of Hylleraas integrals, namely the integrals with respect to r i of the form
with non-negative integers n i . They are performed analytically for n 1 , n 2 , n 3 = 0, 1 and by recursion relations for larger n i using formulas derived in [20] . These recursions give the most accurate numerical values of Hylleraas integrals among all the methods developed so far. Nevertheless, multiple precision arithmetics has to be used in generating the Hamiltonian matrix, in order to avoid near linear dependence of Hylleraas basis functions.
The total wave function is generated from all φ in Eq. (23) with n i satisfying a condition
for Ω between 3 and 12. For each Ω we minimize energy with respect to the free parameters w i in Eq. (23) . In order to increase the accuracy of the nonrelativistic wave function, following Yan and Drake [19] , we divide the whole basis set into five sectors (six sectors for P states), each one with its own set of w i 's. To avoid numerical instabilities, within each sector we drop the terms with n 4 > n 5 (or n 4 < n 5 ) and for n 4 = n 5 drop terms with n 1 > n 2 (or n 1 < n 2 ). This division allows for a significant improvements of nonrelativistic energies by optimization of all, five for S and six for P states, sets of w i 's. Numerical results for 2 1 S 1/2 , 3 1 S 1/2 , and 2 1 P 1/2 of Li and Be + for various sizes of basis sets are presented in Table I . The results for the ground state of Li are in agreement with our previous evaluation [22] . Results denoted by ∞ are obtained by extrapolation to the infinitely large (complete) basis set, by fitting the function X(Ω) = X 0 + X 1 /Ω n with some integer n. The similar fit is used for all other matrix elements, presented in the following tables.
Calculation of relativistic corrections, which are given by Eqs. (5)- (9), involve spin independent and spin dependent terms. The matrix element of spin independent terms are calculated according to Eq. (23), while spin orbit terms are obtained for P 1/2 state by using
and the result for P 3/2 is equal to −1/2 of that for P 1/2 . The tensor spin-spin interaction vanishes for both the P 1/2 and P 3/2 states. All these matrix elements include Hylleraas integrals with n i = −1, which are difficult to obtain accurately. We use the one-dimensional integral form for f (−1, 0, 0; 0, 0, 0) and f (0, 0, 0; −1, n 5 , n 6 ) and other f ′ s with n i = −1 are obtained by recursion relations [21, 22] . Since these recursions are not stable numerically, we used quadruple, sextuple, and octuple precision arithmetics written by Korobov [38] to avoid loss of the numerical precision.
It was especially important for excited states. Individual results for various operators are presented in Table II and the total relativistic correction in Table III . By the symbol [. . .] mp in these tables, we denote the mass polarization correction, namely QED corrections include two new terms, 1/r 3 and the Bethe logarithm, see Eqs. (13) and (14) .
Matrix elements of the 1/r 3 term involve Hylleraas integrals with n i = −2. Their calculation using recursion relations was presented in Ref. [23] , and numerical results are presented in Table   II . We note a slow numerical convergence of 1/r 3 terms and its mass polarization correction.
Bethe logarithms are far the most difficult in accurate numerical evaluation and in this work we use the results obtained by Yan et al. in [7] . We note a weak dependence of Bethe logarithms on a state, all close to the 1S hydrogenic value. 
IV. TRANSITION AND IONIZATION ENERGIES
Numerical values of all coefficients for relevant transition energies are presented for lithium and beryllium in the Table III . E (5,0) does not include there the nuclear polarizability contribution.
It is a small correction, which results from modification of the nucleus by atomic electrons. The effect of nuclear polarizability in 11 Li was estimated in [16] , and 11 Be + is obtained here. While it does not affect the absolute transition frequencies much, it is significant for the isotope shift and the corresponding determination of the charge radii difference, see the next section.
Obtained results for the energy expansion coefficients are in general in good agreement with the former calculation of Yan and Drake in [6, 14, 15] , with corrections and improvements in [7] . We
have not yet confirmed their results for the Bethe logarithms [7] and use them in our coefficients E (5, 0) and E (5, 1) . We note that the present numerical precision of expansion coefficients is high enough, that the leading uncertainty of transition frequencies comes from E (6, 0) , more precisely from the rough estimate of the relativistic (nonradiative) m α 6 correction, which is about 10% of the leading radiative correction.
Using this expansion coefficients in Table III , and atomic masses from Table IV, one obtains transition frequencies which are compared in Table V to the previous calculations of Yan et al. [7, 14, 15] and to the experimental results. Small differences with results of Drake and Yan are due to the better numerical accuracy of our results and the inclusion of the finite nuclear size correction in transition and ionization energies for Be + . In comparison to experimental values we observe an agreement for both the lithium atom and beryllium ion, with one exception. Namely, theoretical ionization energy is larger by 0.06 cm −1 than the experimental value, and this discrepancy was already pointed out in [7] . The relatively lower accuracy of theoretical results for the beryllium ion comes from the neglect of the nonradiative m α 6 correction, which significantly grows with Z. The direct calculation of this correction for the three electron system is a challenge. A simpler approach would rely on matching the high Z results for lithiumlike systems [45] with the low Z results obtained by the expansion in α. We note that in spite of the relatively large uncertainties
coming from E (6,0) the obtained results for transition frequencies are the most accurate so far, and no other approach allows one for the systematic calculation of all corrections in the low Z atomic systems.
V. ISOTOPE SHIFT DETERMINATION OF NUCLEAR CHARGE RADII
The isotope shift in atomic transitions come mainly from different masses of nuclei. Much smaller effect of order ∼ 10 −6 is due to different nuclear charge radii. Nevertheless, precision of isotope shift measurements and theoretical predictions is enough to derive charge radii from the comparison of the experimental and the theoretical data. Moreover, this determination of charge radii is far more accurate than the one obtained from electron scattering off nuclei and can be applied even to unstable nuclei such as Table VI . We observe that the leading nonrelativistic contribution gives at least 99.9% of the total isotope shift. The relativistic recoil corrections are small but still important, while the theoretical uncertainty is dominated by rough estimation of E (6,1) . The nuclear polarizability correction is significant for both 11 Li and 11 Be + , and its value is presented in Table VI . Result from 11 Li was obtained in [16] , while for 11 Be + it is calculated here using both experimental [34] and theoretical data [35] for the so called B(E1) function which is the reduced line strength for the nuclear E1 excitation,
in units e 2 fm 2 MeV −1 . The kets |φ N and |E denote the ground state of the nucleus and the excited state with excitation energy E, respectively. The relevant formula relating electric dipole nuclear transition moment with the shift of atomic energy levels is [16] ,
whereα pol is a weighted electric polarizability of the nucleus and is given by the following double
where κ = 1 + 2 i m/w. The first integral over the nuclear excitation spectrum may involve a sum over discreet levels, as it is the case of 11 Be. This nucleus has an excited state with E = 0.320
MeV and B(E1) = 0.116 e 2 fm 2 and a continuum spectrum starts at E T = 0.504 MeV. The result forα pol using the experimental [34] or the theoretical data [35] is α pol = 39.7(40) fm 3 = 6.90(69) 10
and this value is used to obtain the shift of energy levels ν pol in Eq. (5) for Be + in Table VI . From the difference between experimental and theoretical isotope shift one determines nuclear charge radii by using
with constant C obtained from Eq. (9) with including logarithmic relativistic corrections to the wave function at the origin
Using isotope shifts as measured for Li in [12, 13] and Be + in [28] , we obtain nuclear charge radii for corresponding isotopes in Tables VII and VIII . Results for Li are slightly more accurate than our previous determination in [16] due to the more accurate ν the and nuclear masses. Our results for Be isotopes, agree with the recent determination presented in [28] . The uncertainty of our ∆ν the comes mainly from 25% of ∆ν (6, 1) and 10% of ∆ν pol . Nonnegligible are numerical uncertainties of Bethe logarithms and their mass polarization corrections. The uncertainty of C coefficients comes from the estimation of relativistic correction to the wave function at origin, which is about 25% of the logarithmic part. Nevertheless, uncertainties in δr 2 ch come mainly from the experimental value for the isotope shift, and the uncertainty of the final r ch comes mostly from the charge radius of the reference nucleus. As we have already mentioned, the direct determination of the charge radius from the absolute transition frequency is at present not possible for lithiumlike systems due to insufficient precision of theoretical predictions. 7 Li, r( 7 Li) = 2.39(3) fm [39] , the first uncertainty of ν the comes from unknown higher order terms, the second uncertainty is due to the atomic mass. Using the experimental results for the isotope shift of 3S 1/2 − 2S 1/2 transition in Li [12, 13] and 2P 1/2 − 2S 1/2 transition in Be + [28] , we obtain improved charge radii for Li and Be isotopes.
We note the significance of the nuclear polarizability effect in 11 Li and 11 Be + and relativistic correction to the wave function at origin for the determination of charge radii.
The presented computational method is limited by unknown higher order relativistic and QED corrections, which become more significant for heavier nuclei. One possible solution for the charge radii determination for heavier nuclei is the spectrosopy of the four-electron ion, for which we think, accurate calculations can be performed with the help of a Gaussian basis set with linear terms [46, 47] . Apart from nuclear charge radii, precise atomic spectroscopy may bring information about the magnetic moment distribution within nuclei. Indeed a measurement of the hyperfine splitting in 11 Be + [48] may give the size of neutron halo, which cannot be probed by other means.
However, the interpretation of the shift of the hyperfine splitting in terms of the Bohr-Weiskopf effect is not obvious, due to possible large nuclear polarizability effects [49] .
The significant advantage of the presented computational approach with Hyllerras functions is the ability to calculate higher order relativistic [50] and QED corrections, although such a calculation is not simple. We aim to obtain O(α 2 ) and O(α 3 ) corrections to the hyperfine splitting in order to investigate nuclear structure correction with halo nuclei, and also to verify the accuracy of simplified approaches such as the relativistic configuration interaction or the multiconfiguration Dirac-Fock method.
